
 
[Thangam, 5(9): September 2018]                                                                                    ISSN 2348 – 8034 
DOI- 10.5281/zenodo.1409631                                                                                    Impact Factor- 5.070 

    (C)Global Journal Of Engineering Science And Researches 

 

46 

 

GLOBAL JOURNAL OF ENGINEERING SCIENCE AND RESEARCHES 

REAL AND GAUSSIAN INTEGER SOLUTIONS TO  2222 2 wzyx   
S.Vidhyalakshmi

1
, M.A.Gopalan

2
, S. Aarthy Thangam*

3
 

1,2
Professor, Department of Mathematics, Shrimati Indira Gandhi College, Trichy-620 002, Tamil Nadu, 

India. 
*3

Research Scholar, Department of Mathematics, Shrimati Indira Gandhi College, Trichy-620 002, Tamil 
Nadu, India 

 
 

ABSTRACT  

The quadratic equation with four unknowns given by  2222 2 wzyx  is analysed for its non-zero distinct 

integer solutions and Gaussian integer solutions. Different choices of solutions in real and Gaussian integers are 

obtained. A general formula for obtaining sequence of solutions (real and complex) based on its given solution is 

illustrated. 
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I. INTRODUCTION 
 

Number theory is the branch of Mathematics concerned with studying the properties and relations of integers. There 

are number of branches of number theory of which Diophantine equation is very important. Diophantine equations 

are numerically rich because of their variety [1-3]. In [4-11], different patterns of integer solutions to quadratic 

Diophantine equation with four unknowns are discussed. In [12], Gaussian integer solutions to space Pythagorean 

equation are obtained. In this communication, the quadratic equation with four unknowns given by 

 2222 2 wzyx  is analysed for its non-zero distinct integer solutions and Gaussian integer solutions. 

 

II. METHOD OF ANALYSIS 
 

2.1 Section: A (Real integer solutions) 

The quadratic equation with four unknowns to be solved is  

   2222 2 wzyx 
          (1)

 

Introduction of the linear transformations 
 vuyvux  ,

           (2) 
in (1) leads to

 
 2222 zwvu            (3) 

which is in the form of space Pythagorean equation  

The choices of solutions for (3) are represented below: 

  i)
 2222

2222

,22

,22,

qpnmznqmpw

pqmnvqpnmu




 

ii)
 

2222

2222 ,

,22,22

qpnmz

qpnmw

pqmnvnqmpu
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           iii)
 2222

2222

,22

,,22

qpnmzpqmnw

qpnmvnqmpu




 

           iv)
 222

222 ,,2,2

cbaz

cbawacvabu




  

            v)
 222

222 ,2,2,

cbaz

abwacvcbau




 

 

In view of (2), one may obtain different sets of solutions to (1) which are presented below: 

Set: 1 
Considering choice (i), the general solution of (1) is  

pqmnqpnmx 222222 
 

 pqmnqpnmy 222222   

 
2222 qpnmz   

 nqmpw 22   

Set: 2 

For choice (ii), the general solution of (1) is  

   pnqnpmx  22
 

    pnqnpmy  22  

 
2222 qpnmz   

 
2222 qpnmw   

Set: 3 

For choice (iii), the general solution of (1) is  

nqmpqpnmx 222222 
 

 nqmpqpnmy 222222   

 
2222 qpnmz   

 pqmnw 22   

Set: 4 

For choice (iv), the general solution of (1) is 

 cbax  2
 

  cbay  2  

 222 cbaz   

 222 cbaw    

Set: 5 

For choice (v), the general solution of (1) is  

accbax 2222 
 

 accbay 2222   

 222 cbaz   

 abw 2  

In addition to the above sets of solutions to (1), there are other representations of solutions to (1) which are 

illustrated below: 
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2.2 Representation: 1 

Write (3) as 

 2222 wzvu             (4) 

Assume  222 wz                        (5) 

Rewrite (5) as 

 222 wz              (6) 

which is in the form of Pythagorean equation satisfied by the following two sets of solutions 

Set: 1 0,,2, 2222  srsrrswsrz  (7)  

Set: 2 0,2,, 2222  srrssrwsrz  (8)  

Consider (7). Using (7) in (4), we have 

  22222 srvu             (9) 

which is satisfied by 

 222 hgfr 
 

 222 hgfs   

ghfu 28
 

 2224 hgfv 
 

In view of (2) and (7), the corresponding non-zero distinct integral solutions of (1) are given by 

  222 24 hgghfx 
 

 222 24 hgghfy   

  22444 22 hghgfz   

  22444 22 hghgfw   

Consider (8). Using (8) in (4), we have 

  222 2rsvu 
          (10)

 

which is in the form of Pythagorean equation satisfied by  

 
22 qpu                    (11)

  
 pqv 2                     (12)  

  
222 qprs                   (13)  

Here, the equation (13) is satisfied for the following choices of r and s: 

  i)
 

22,1 2  kkrs
 

  ii)
 

122,2 2  kkrs
 

 iii)
 

442,2 2  kkrs
 

Considering choice (i) and performing simplification, the corresponding solutions to (1) are given by 

 
482 2  kkx

 
 

224 ky   

 5884 234  kkkkz
 

 3884 234  kkkkw  

Similarly for choice (ii), the general solutions to (1) are given by 

4168 2  kkx
 

 
284 ky   

 54884 234  kkkkz
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 34884 234  kkkkw  

For choice (iii), the general solutions to (1) are found to be 

16328 2  kkx
 

 2816 ky   

 203232164 234  kkkkz
 

 123232164 234  kkkkw  

 

2.3 Representation: 2 

The assumption 223 wz           (14)  

is equivalent to the following system of double equations:  

 

System wz   wz   

1 2    

2 3  1 

 

Considering System: 1, it is seen that there are two sets of solutions to (1) represented respectively below: 

Set: 1 

    22 nmnmx 
 

    22 nmnmy 
 

    1
2

1 2222  nmnmz
 

    1
2

1 2222  nmnmw  

Set: 2 

   nmnnmmx  33 22

 

    nmnnmmy  33 22

 

    1
2

1 2222  nmnmz
 

    1
2

1 2222  nmnmw  

Similarly, Considering System: 2, it is seen that there are two sets of solutions to (1) represented respectively below: 

Set: 3 

    22 nmnmx 
 

    22 nmnmy 
 

   1
2

1 322  nmz
 

   1
2

1 322  nmw  

Set: 4 

   nmnnmmx  33 22

 

    nmnnmmy  33 22

 

   1
2

1 322  nmz
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   1
2

1 322  nmw  

It is worth to note that m and n should be of different parity. Otherwise, the values of z and w are not in integers. 

 

2.4 Representation: 3 

Substituting 
 

2

1
z  and 

 
2

1
w         (15)  

in (1), we get 

 322 2 yx                    (16)   

Assume 0,,22  qpqp                    (17) 

Write 2 as 

   ii  112            (18) 

Substituting (17), (18) in (16) and employing the method of factorization, define 

    31 iqpiiyx   

Equating real and imaginary parts, we have 

 










3223

3223

33

33

qpqqppy

qpqqppx

                (19) 

In view of (15), we have 

 

   

   













1
2

1

1
2

1

2222

2222

qpqpw

qpqpz

       (20)
 

Thus (19) and (20) represents non-zero distinct integral solutions to (1). 

Note: 

Instead of (18), one may write 2 as 
       

25

7171
2,

25

77
2

iiii 



  

Following the procedure similar to above, one may obtain different sets of integral solutions to (1). 

 

2.5 Representation: 4 

Substituting 
2

13 
z  and 

2

13 
w

           
    (21) 

in (1), we get (16). 

Using (17) in (21) 

 

  

  













1
2

1

1
2

1

322

322

qpw

qpz

                       (22)
 

Hence (19) and (22) represents non-zero distinct integral solutions to (1). It is worth to note that p and q should be of 

different parity. Otherwise, the values of z and w are not in integers.  

 

III. SECTION: B 
 

 Gaussian integer solutions 

The substitution  

iacwiabzicaybiax  ,,2,2
 
     (23) 

in (1) leads to  
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 222 65 bca                           (24) 

(24) is solved through three different methods and thus we obtain three different sets of Gaussian integer solutions to 

(1) 

 

3.1 Method: 1 

Write (24) in the form of ratio as 

 
 

0,
5










n

n

m

ba

cb

cb

ba
                 (25) 

which is equivalent to the system of double equations  

 
 
  0

055





ncbnmma

mcbmnna
 

Applying the method of cross multiplication, we get 

 mnnma 25 22           (26) 

 22 5nmb             (27) 

 mnmnc 105 22           (28) 

In view of (23), the corresponding non-zero distinct Gaussian integer solutions of (1) are given by 

  2222 10225 nmimnnmx      mnmnimnnmy 1054102 2222 

  mnnminmz 255 2222    mnnmimnmnw 25105 2222   

 

3.2 Method: 2 

Assume 0,,5 22  qpqpb                (29) 

Write 6 as 

   ii  556         (30)  

Substituting (29), (30) in (24) and employing the method of factorization, define 

   2555 iqpiica                  (31)  

Equating real and imaginary parts, we get 

 










pqqpc

pqqpa

105

25

22

22

                      (32) 

Using (29), (32) in (23), the corresponding non-zero distinct Gaussian integral solutions to (1) are found to be 

   2222 21025 qpipqqpx     pqqpipqqpy 1054210 2222 

  pqqpiqpz 255 2222    pqqpipqqpw 25105 2222   

 

3.3 Method: 3 

One may write (24) as 

 222 56 acb                  (33) 

Assume 0,,6 22  qpqpa                (34) 

Write 5 as 

  16165                    (35)  

Substituting (34), (35) in (33) and employing the method of factorization, define 

   26166 qpcb                (36)  

Equating rational and irrational parts, we get 
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pqqpc

pqqpb

126

26

22

22

                   (37) 

In view of (23), the corresponding non-zero distinct Gaussian integral solutions to (1) are given by 

 pqqpiqpx 42126 2222     pqqpiqpy 12662 2222           

 2222 626 qpipqqpz   2222 6126 qpipqqpw   

 

IV. GENERATION OF SOLUTIONS 
 

Let  000 ,, zyx  be the given integer solution to (1). Let  111 ,, zyx  be the second solution of (1) where 

01010101 ,,, whwhzzyhyxhx   (38) 

in which h is any non-zero integer to be determined. 

Substituting (38) in (1) and simplifying, we have 

 0000 22 wzyxh   

Thus, the second solution is given in the matrix form as 

 































































0

0

0

0

1

1

1

1

1211

2311

2201

2210

w

z

y

x

w

z

y

x

 

Repeating the above process, the general solution to (1) in the matrix form as 

 

     

     

     

,...3,2,1,

2

1~
~

4

1~

4

1~

~~

2

~

2

~

2

1~

~

4

13~

4

1~

2

1~

~

4

1~

4

13~

0

0

0

0



























































































n

w

z

y

x

y
x

yy

xy
xx

y

x
yy

y

x
yy

w

z

y

x

n

n
n

n

n

n

n

nn
nn

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

 

where  nn yx ~,~  is the general solution of 12 22  xy  

given by 

   





 
 11

223223
2

1~ nn

ny      ,....2,1,0,223223
22

1~ 11







 


nx
nn

n  

 

REFERENCES 
1. L.E. Dickson, History of theory of numbers, Vol.2, Chelsea publishing company, New York, 1952. 

2. R.D. Carmichael, Theory of Numbers and Diophantine Analysis, Dover publication Inc., New York, 1952. 

3. J. Niven, Zuckerman and Montgomery, An introduction to the theory of numbers, fifth edition, John We lay, 

New York, 1991. 

4. M.A. Gopalan, Manju Somanath and N. Vanitha, On Quadratic Diophantine equation with four variables, 

Bulletin of pure and Applied Sciences, Vol.24 E, No.2 (2005), 389-391. 



 
[Thangam, 5(9): September 2018]                                                                                    ISSN 2348 – 8034 
DOI- 10.5281/zenodo.1409631                                                                                    Impact Factor- 5.070 

    (C)Global Journal Of Engineering Science And Researches 

 

53 

5. M.A. Gopalan, Manju Somanath and N. Vanitha, On space Pythagorean equation 2222 wzyx   , 

International Journal of Mathematics, Computer Science and Information Technology, Vol.1, (January-

June 2007), 129-133. 

6. G. Janaki and S. Vidhya, Integral solutions of 221 wzyxxy  , Antartica J.Math., Vol.7, No.1, 

(2010) 31-37. 

7. M.A. Gopalan and J. Kalingarani, Observation on the quadratic Diophantine equation with four unknowns 

   wzkxy  122 , Archimedes J.Math., Vol.1, No.1, (2011) 23-29. 

8. M.A. Gopalan and G. Srividya, On the Diophantine equation 2222 vuYX  , Impact J. Sci.Tech., Vol.6, 

No.1, (2012), 111-116. 

9. M.A. Gopalan, S. Vidhyalakshmi and K. Lakshmi, On the Non-homogeneous quadratic equation 

12222  tzyx , American Journal of Mathematical Sciences and Applications, Vol.1, No.1, (2013), 

77-85. 

10. M.A. Gopalan, V. Sangeetha and Manju Somanath, Integral points on the quadratic equation with four 

unknowns   2222 7132 wzyxxyyx  , Diophantus Journal of Mathematics, Vol.2, No.1, (2013) 

47-54. 

11. Manju Somanath, V. Sangeetha and M.A. Gopalan, Integral solutions of the quadratic equation with four 

unknowns 222 3wzwyx  , IJPAMS, Vol. 6, No. 2, (2013) 241-246. 

12. A. Vijayasankar, M.A. Gopalan, V. Krithika, Observations on 2222 wzyx  , IJRTER,Vol.3, Issue5, 

(May 2017),378-381. 


